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Abstract: This study presents exact analytical solutions for the unsteady plane
flow of an electrically conducting second-grade fluid within a rotating frame, perme-
ating a porous medium under the action of a magnetic field. The analysis employs
the inverse method, wherein suitable a priori assumptions for the vorticity and
stream function yield consistent forms of the velocity field and pressure distribu-
tion. Closed-form expressions for the governing flow variables are derived, ensuring
compliance with both the fundamental equations and physical constraints. The in-
fluence of critical parameters, such as rotational effects, magnetic field intensity,
porous medium resistance, and non-Newtonian fluid characteristics, is examined in
detail. Graphical illustrations highlight the role of these parameters in shaping the
flow dynamics, offering deeper insight into the complex interplay between rotation,
magnetohydrodynamic forces, and porous medium interactions.
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1. Introduction

We have observed that there are several notable applications of magnetohydro-
dynamics (MHD) in industrial sectors, science, and engineering, apart from that
the study of MHD fluid flow has earned remarkable attention in the dynamics of
fluid fraternity. We can find the implementation of such important aspects in the
study regarding nuclear fuel debris, solidification processes of metal alloys and met-
als, the control of underground spreading of chemical wastes and pollution and the
design of MHD power generators and to understand the theory of geophysics and
astrophysics.

To explain the flow behavior of electrically conducting fluids, we need to solve
the governing magnetohydrodynamic (MHD) equations that arise in such fluids.
These equations are crucial because they apply to various fluid flows, from thin films
to large-scale atmospheric phenomena. However, their non-linear nature presents
challenges in obtaining exact solutions. As a result, the full set of general solutions
for MHD equations remains an open problem. To address this difficulty, many
researchers have explored transformations and inverse or semi-inverse methods to
reformulate these equations into a solvable form. Ames [2] was the first to transform
non-linear partial differential equations into a solvable form.

The concept of rotating fluids has garnered substantial importance across a
wide array of scientific, engineering, and product applications. These applications
span from the design and modeling of jet engines, pumps, and vacuum cleaners to
the study of geophysical flows. Extensive research has been conducted on rotating
fluids, and numerous investigations [14], [29], [33], [36], [37], [39], and [41] have
explored various types of flows.

Exact solutions to the Navier-Stokes equations are limited in number and be-
come even scarcer when considering non-Newtonian constitutive equations [31].
This scarcity is due to the non-linear nature of these equations, which makes them
difficult to solve exactly. To address these challenges, researchers have employed
the inverse method to solve various flow problems. For homogeneous incompress-
ible fluids of the second grade [3], [5], [6], [7], [27] the governing equations are
generally of third order, unlike the second-order Navier-Stokes equations. Thus,
in addition to the perturbation approach, an extra boundary condition is usually
required beyond those used for solving the Navier-Stokes equations. The inverse
method helps avoid the need for this additional condition, making it an attractive
approach for studying non-Newtonian fluids. This method involves making certain
a priori assumptions about the forms of the velocity field and pressure without
any assumptions about the boundaries of the fluid domain. These assumptions are
often made about the velocity field and rarely about the pressure. By assuming
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that vorticities are proportional to the stream function, Taylor [40] obtained a so-
lution for a double-infinite array of vorticities decaying exponentially over time.
This method has been widely used by many researchers for first-grade fluids, in-
cluding Kovasznay [17], Wang [45] - [46], Lin and Tobak [44], Ridha [30], Hui [12],
Jeffery [15], Kumar [18], [19], Labropulu [20], [21], [22], Chandna and Oku-Ukpong
8] and others. These researchers assumed that the vorticity is proportional to the
stream function perturbed by a uniform stream and derived several classes of exact
solutions. Using the same technique, [25], [26], [32] obtained some inverse solutions
for incompressible couple stress fluid flow.

Significant research has been conducted by various researchers [4], [24], [42], [43]
on flow through porous media and in a rotating reference frame. Bhatt and Shirley
[4] investigated various types of flows through porous media and rotating reference
frames. Singh et al. [34] applied this method to find exact solutions for MHD
rotating flows in porous media.

Gupta [11] derived exact solutions for steady three-dimensional Navier-Stokes
equations for the flow past a porous plate in a rotating frame of reference. Soundal-
gekar and Por [39] examined hydromagnetic flow in a rotating fluid past an infinite
porous wall. Singh et al. [28], [34] studied steady plane flows of an incompress-
ible rotating viscous fluid with infinite electrical conductivity. Singh and Thakur
[35] investigated variably inclined MHD flows through porous media in the mag-
netograph plane. Various analytical and numerical studies in the literature, both
non-MHD and MHD, have been conducted for unsteady or time-dependent flows
of different natures. Ram and Mishra studied unsteady MHD flow through porous
media. Rashid [29] elucidated the effect of radiation and variable viscosity on
unsteady MHD flow of a rotating fluid from a stretching surface in porous media.
Recently, various studies has been done on MHD in porous media and second-grade
fluids some of them [1], [9], [10], [16], [13], [47] has rigorously examined MHD unidi-
rectional motions of incompressible second-grade fluids through a porous medium,
proving structural similarities in the governing equations for velocity and shear
stress and offering analytical insights into these flows

This present work is divided into several sections, in section 2 the governing
equations for the unsteady flow of an incompressible second-grade fluid in a rotat-
ing frame are formulated by incorporating magnetic field effects, porous medium
resistance, and non-Newtonian stress terms. Appropriate assumptions and nondi-
mensional variables are introduced to simplify the model. In section 3 the inverse
method has been used to determine exact solutions for the unsteady plane, sec-
ond grade, aligned electrically conducting MHD fluid in a rotating frame through
porous media in the presence of a magnetic field. In sections 4, 5 and 6 exact
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solutions are obtained by assuming forms of the vorticity function a prior: and
the stream function a priori. The expressions for velocity components, magnetic
field components, stream function, and vorticity functions are derived for both
steady and unsteady cases. Also this section analyzes the effects of key physical
parameters such as rotation, magnetic field strength, porous medium resistance,
and second-grade fluid parameter on streamline patterns and the velocity profiles.
The results are presented graphically and discussed in comparison with classical
Newtonian and non-rotating cases. Section 7 contains the main findings of the
study are summarized, highlighting the stabilizing effects of rotation and magnetic
fields and the influence of non-Newtonian characteristics. Possible extensions of
the present work are suggested for future research. The present analysis is more
general, and the results of F. Labropulu [23] and Manoj Kumar, Sayantan Sil, and
C. Thakur [38] can be recovered in the limiting case.

2. Equation of Motion

The equations of motion for an unsteady, second-grade, incompressible, viscous,
and electrically conducting fluid in a rotating frame, traversing through a porous
medium under the influence of a magnetic field, are

V.V =0, (1)
av

(—+2(2><V+Q><Q>< (V. v?):V~T+pf+u*(V><ﬁ)xﬁ
L,
k(u"i_alat) )

aH—va ﬁ——Vx Vxﬁ (3)
ot o

v.-H=o0 (4)

and the constitutive equation for the Cauchy stress T
T =—-PJI + 77A1 + a1A2 + O{QA.%, (5)

where, 7 = velocity field vector, P = dynamic pressure function, p = the
constant fluid field density, 2 = angular velocity vector, 7 = radius vector, f
= body forced per unit mass, u* = magnetic permeability, ¢* = porosity, u =
coefficient of dynamic viscosity, & = permeability of the medium, ¢ = electrical
conductivity, and «q,ay are the normal stress moduli, I = isotropic tensor, -PI
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denotes the determinate spherical stress so that it become
P 0 0
—-PI=10 P 0],
0O 0 P
The Rivlin-Ericksen tensors A; and A, are defined as

A =VV+ (VT A=A+ (VV)TA, + A (VV), (6)

In this article we have considered MHD fluid in two dimensional flow where the
body force is negligible, so we must have

V = [ulz,y,1), v(z,y,1), 0], (7)
H = [(Hi(x,y,1), Ho(z,9,1),0)], (8)

and f = 0. Since
P'=P— %pm x 7|2, (9)

The above equation can be written in (z,y) plane as under

ou Ov

7 oy = (10)

p(uy + uuy + vuy) + P, =

m{ o,
rad 2wl o2
oo
(

%
V2u; + = [2uu,x + 20u,y4u,*2v, (v, + uy)]}
5’ 2 2
y)(vm + uy) + 2uyuy, + v, + vxvy} (11)
4u

0
% o+ (Ve + uy) ]} — p Hy(Hyx — Hyy)
Ll
k

n+« >u—2pQu
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p(vr + v, +vv,) + Py = uV=2v

0
+ oy {V%t + a—y[?uvxy + 2vvyy4vx22uy(vx + uy)]}

0 9] 0
+ a1{— [(u— + =) (Vs + uy) + 2uzty + vy + 2%%} }

3;’ ox dy (12)
+ aQ{a—x[zwy? + (v + uy>2]}
+ W Hi(Hox — Hiy)
_ % (,u + 041%)7) —2pQu,
(Hox — Hyy), = V2 [l%p(ﬂgx — Hyy) +vH, — uH2] , (13)
Hyz + Hyy = 0. (14)

Equation (10)-(14) are five equations in five unknown functions u, v, Hy, Hy and
P’ of x, y, t.

Now introducing the vorticity, current density and generalised energy function
define as follows:

ov  Ou
=g 15
J = Hyr — Hyy (16)
N = o L 59 2 2
h=P+ —p|Q xr|*+ =pu”+v*) — a1 (uV-u+ vV-v)
¥ 30, 1 20, (17)
—( T et + 207, + ()
Using equations (15) - (17), in the equations (10) - (14) we get,
Uy + v, =0 (18)
* 2 (b* a
hy = —pwy+ p(vw —uy) — " JHy — g (wyt +0V w)—ir?(u—l—ozla)u—QpQu, (19)
* 0
hy = piw, + pluw — v;) + p* JHy + an (wyt +0V3w) + "’ <,u + a1§>v —2pQw, (20)
5]
Jy= V(== oy - ul), (21)
1 p
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Using (18) to (22) along with (15) and (16) gives a system of seven equations in
seven functions u, v,Hy, Hy,w, J and h of x,y,t.
The continuity equation (18) implies the existence of a stream function ¥ (z,y,t)
such that

U =1y, v = —1,. (23)

We now study aligned flows for which the magnetic field intensity in the field of
flow is everywhere parallel to velocity field. Therefore we have

Hl = fU,H2 = f’U. (24)

wheref = f(z,y,t) # 0 is an arbitrary scalar function.
Now, using (23) and (24), we get

Hy = fipy, Hy = — f1)s. (25)

The vorticity, current density and the linear momentum equations (19) and (20)
by substituting (23) and (24) can written as

w= -V, (26)
—(IV2Y + fothe + fyiby), (27)
- N(V%p)y + p(¢xv2¢ - <¢y)t) - N*f¢x(fv2w + fwwm + fyd}y)

* 28
ol = 0]+ S or Dy 2T
hy = _M(V2¢>$ + p(?,byVQ@/) - (¢x)t) - M*f’@by(fv ¢ + nysz + fxd)x)
* 29
Sl 4 ) + St o+ 20

Using the integrability condition h,, = hy, and employmg (25), (26), (27) in the
diffusion equation (21) and solenoidal equation (22), we obtain:

9050~ 0 T o - )
_ %(u + Oz1%V2¢ + 209 (uy — vg) (30)
— 1 [(V2 + fatn + fyt) ((w f)) AL (Eﬂ Z)) e a((w 7 fy))
i <E” 7‘2“;) 1, a(z/’ wy)>]
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PV +3[fo(VP)o + [y (V)] + (VN(V2) + (fratuw + 2faytay + fyytyy)

+92(V2 e + 1y (V2 f),
= WOl (V20)e + fo(V20) + foltho)e + fy () + (Fo)etbw + (f)ewy],  (31)
o0, f)
B y) 0. (32)
The equation (30) and (31) become
w7 =920 = (p =i AT (90,
%] Q;i (n+oas, 0 -V + 2p0w) )
o, f.) <w, f) o 0Wn) | 000
=11 oy o T o )

FV 4 3[fo(VP0)e + fy(V20)y] + V2 [V A+ (Fratluw + 2faytay + Fuytyy)
o (V2 ) + 0y (V2f)y (34)
= ,U*U[f(vzw)t + ft(v2¢) + foc(d}:r:)t + fy(wy% + (fx)th + (fy)tqvby]'

Equation (33) and (34) hold true for an unsteady, plane, MHD aligned motion
of an rotating incompressible, second grade fluid of finite electriacl conductivity o.
For infinitely conducting flows equation (34) takes the form

f(v2w)t + ft(VQID) + fx(¢x)t + fy(d{y)t + (fx)th + (fy)twy = O (35)

3. Exact Solutions
We assume that

where ¢(x) is an unknown function of its argument.
Vi = yo' (). (37)

Using equation (36) in equation (33) and for solving analytically we assume that
f is a function of ¢ only, we obtain

(@) = plud () + (p = 1 ) (06 (1) = 6 () + (w8 ()
) = 0 @) = (g uste) o

= ,U*f[(wa - wa).f:cy + %%(fm - fyy) (%%x wx¢xy>fz

+(¢y¢xy - ¢x¢yy)fy] - sz(uz - Uy)7
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fye" (2)+3[fe(yd(x)): + fyo(x) + VZf(y(b(I))] + 2(fazVze + 2feyVay + fyyPyy)
+ (V2 f)e + 9y (V2 ),
- M*[ ( ( ))t + fty¢< ) + fa:th + fyl/)yt + f:vth + fytd]y]: (39)

pyd" () = plye"(x))e + (p — u*fz)(lbm( ) — ¥y (2)) + aa[(yo" (2))s

* 40
) — )]~ & (5 an D )ole) + 28— 0) =0, )
(0= 1 £2)0(a) = and @) GE +yllp = 1 ) (a) + s 5+ ()

(= s @)) — (5 () +20)yola) =0. (41)

4. For steady flow
We have from (41)

0 0
(0= 1 F)6(w) — nd (D] 95+ yl(o—1" )6 (2) + 06" (2)] e + py ()
; Y (42)
- (%u + ZpQ) yo(z) =
4.1. Case I. When
(p— 1 f2)p(a) — ar¢"(x) = 0, (43)
then integrating (43), we get,
o(x) = Ay + Age™® + Age™™", (44)
where
_ ,P——M*fQ7A1 £0, Ay, Ag
g
are constants. Then
- _ ygb’(x) Aoe™m Ane—me
¥(z,y) o u*f2)y{ 2e™" + Aze” ™} .
¢* A2€m:1: Agefmx
() B A

But
¢zx + 77Z1yy = ygb(l‘), (46)
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Figure 1: Streamlines profile for ¢(z,y) = %yemm — A1 Bxy + %y?’ + Agy + As,
illustrating the combined exponential, cubic, and linear contributions that define
the flow structure.

therefore
g (y) = Ay + As[l + Am? + Bm?|ye™ + As[l — Am? — Bm?|ye™™* (47)
In order for this equation to hold true for all values of x, we must take
g"(x) = Ayy, Ap[l+ Am? + Bm?) =0, Az[l+ Am*>+ Bm?* =0
which lead to two subcase. Either

A —1
(a) Q(Z/):FIZ/3+A4Z/+A5; A‘i‘B:ﬁ, A3 =0,

or

A 1
(b) g(y)zfy3+A4y+A5, At B=—5 A=0,

For subcase (a), the stream function as shown in figure 1, the velocity components,
vorticity function and the pressure function are given by

A A
Y(x,y) = ﬁyem — Ay Bxy + Flyg’ + Agy + As,
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A A
U= —226"”” — ABx + —1y2 + Ay,
m 6

A
v= ——Zyemx + A, By,
m

And velocity of the fluid for steady flow can be shown in figure 2.

Figure 2: Velocity profile for the steady flow in Case I, highlighting the effect of
governing parameters on the distribution.

A A
Hy = fo{—zemx — A1Bz + -y + A4}7
m 2

A A

Hy = —fo{—iyem — ABr — —ly},
m 2
w=—y{A; + Ae™ + Aze "},

Also, P can be calculated by putting the value of u, v and h in equation (17).
For subcase (b)



324 South FEast Asian J. of Mathematics and Mathematical Sciences

A
v = ——zy M+ Ay By,
m

A
fo{ 2emme AlB$+71?J2+A4}>

= —fo{ —ye " — A Bx — %y}

w= —y{A; + Aze™" + Aye”""}.

Also, P can be calculated by putting the value of u, v and h in equation (17).
4.2. Case II. When

(p =1 f2)p(x) — ar¢"(x) # 0 and (p—p* f*)¢(x) — a1¢”(x) # 0
Letting

v =yllp— p* () — ¢ ()],

we find that
d(z,7)
o(z,y)

Now equation (42) can be transform into new independent variables x, v and
integrating with respect to x, we have

[ (¢"(@) + Tt 2pQ6(x) + N)
o) == [
where 6(7) is arbitrary function of v and 8 = (p — u*f?). Using (48) in (36), we
obtain

(B9 (@) — ang(x) [ (¢"(x) + Fpt2000(x) + N)
M (Bole) — o (x) | ey
(50/(2) = 016"() | g (56"(0) —0u0"(2)

= (p— 1 f*)o(x) — a1 (x) # 0.

dz + 0(7), (48)

) 55w — e @) "V Botw) — o) 9)
_ (¢///(x) _2PQ¢/(5U))2 ) — " (2))26" _ /YQS _
M Bo@) — gy TP e ) T
Differentiating equation (49) twice with respect to v, we have
/ " (ﬁ¢”(£€) - Oél(bw(m)) 2 " (ﬁ¢”(l‘) - Oél(bw(x))2
PO Gotw) —mer@) T Gam —me @ (o0

+(Bo(2) — a9 (2))*0" (7) = 0.
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Dividing equation (50) by (8¢(x) — a1¢”(z))? # 0 and differentiating with respect
to x, we obtain

/ " (/BQS/I('I) - a1¢lv<x) ! 2 " (/8¢//(x) a1¢lv< ))2 !
WO Gote @) 0O G w0 O

The following subcases arises

(@) RO = B0 )" =
(0) {((5@25( _Oilgvlf }’ {6¢ () — a19™(x) }/:O,

I
R e

)
@ 67O =i —mircay) =
R e

Subcases (b) to (e) lead to contradictions. We consider subcase (a) in the following
subcase

(@) ()" =[R0"()]" = 0.
Integrating [v0'(7y)]” = 0 three times with respect to -y, we obtain
0(y) = ay + blogr + ¢ (52)

where a,b, ¢ are constant of integration. using (52), equation [y20”(v)]” = 0 is
identically satisfied and equation (51) gives us b = 0. Using (52) with b = 0 in
equation (49), we get

) et e) [ (86 4 200 )
(5ofe) =o' (@) ]~ (56(2) — g (x) 5
(59" () — 0nd"(x)) _(8"(x) = 2000

) o

+

_ z)
(Bé(z) —ard" (@) " (Bo(x) — arg' ()

Then the stream function is given by

(Bo(x) — and(x))

(@) + 2099(2) + N)
(Bo(x) — ad(x))? (54)
+y(Bo(x) — 041§Z5"($)) +c.

V(o) = —up(50() — (@) [
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where the function ¢(z) satisfies equation (53). For example, let ¢(z) = € such
that & # +,/%. Then equation (53) implies that a = 1-— "kN(QkI].

1
ar k2(B—a1k?) (B—ai1k?)
For this special case, the stream function is given by

U(z,y) = —p(k® +2pQ)zy + pNkye*® + ay(8 — ank?)e +c.

5. For unsteady flow
For unsteady flow solving equation (41), we have

—1 —Ft

= m[Glcos(nx —my) + Gasin(nx + my)]er 7, (55)

The streamlines are hyperbolic can be shown in the figure 3.

-1 —Ft
u= mm[—Glsz‘n(nx —my) + Gycos(nx + my)]eu*%, (56)
1 , e
v = nm[—Glszn(nx — my) + Gacos(nz + my)lew (57)
—1 . —Ft
Hy = fomm[Glsm(nx — my) + Gacos(nz + my)lewe (58)
_ . —r
H, = —fgnm[Glsm(naz — my) + Gacos(nz + my)lew s (59)
w = F[Gicos(nx — my) + Gasin(nx + my)]e%, (60)
J = — foF|Gicos(nx — my) + Gysin(nx + my)]e;TF;. (61)

Also, P can be calculated by putting the value of u, v and h in equation (17).

0.5

-0.51

L \ L L f
2 -1.5 -1 -0.5 0 0.5
X

Figure 3: Streamlines for the unsteady flow case, showing instantaneous patterns
derived from the stream function.
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6. Exact solution for ¢ (z,y) = g(x) + h(y)
We assume that the stream function ¢ (x,y) is of the form

b(,y) =g(@) +hy) - g'(x) # 0,0 (x) #0 (62)
where f(x) and g(y) are arbitrary functions. Substituting (62) in (31), we obtain
g lp—p* FN" —arh®)+ b [arg’ — (p—p* )9 +u(gi”+hi”)+%u(9”+h”) —2pw =0

| | | | (63)
g"l(p — w* fHRY — ah™] = W'[(p — 1" f2)g"™ — ag”’] = 0. (64)

6.1. Case I. When
¢ =0, =0. (65)

In this case, the functions ¢g(z) and h(y) are given by g(x) = ag + a;z and h(y) =
asy, where ag, a; and as are arbitrary constants. Thus, the stream function can be
shown in the figure 4, the velocity component and the pressure function are given
by

U(x,y) = ag + a1x + agy, u(x,y) = as,v(x,y) = —ay, (66)

25

y=-5,5,0,-10,10

Figure 4: Streamline profile for steady flow of section 6.1 case I ¥(z,y) = ag +
a1 + asy, illustrating a uniform flow with straight parallel paths.

Figure 4 illustrates uniform, parallel streamlines, indicating a simple shear flow
where rotation and magnetic effects do not distort the basic flow structure.

Hy = fag, Hy = —fay, (67)



328 South FEast Asian J. of Mathematics and Mathematical Sciences

* 1
P(z,y,t) = (? —2pQ) (asz — ary) — §p(a22 + a?) + P. (68)

x 10
25

— o'/k=1x10°
9 /k=2x10°
'/k=3x10°
—— ¢'/k=4x10°
[ —— ¢'/k=5x10°
' /k=6x10°

n

0.5F

0.5 1 1.5 2 25 3 3.5 4

Figure 5: Pressure variation with angular velocity at constant density p for dif-
ferent values of the % ranging from 1 x 10° to 6 x 108, illustrating how increasing

% shifts the pressure response.
Figure 5 shows that fluid pressure increases linearly with angular velocity, demon-

strating that higher porosity resistance amplifies rotational effects in the porous
medium.

3.5

Figure 6: Fluid pressure variation with angular velocity for progressively increas-
ing densities, showing the nonlinear dependence of pressure response on rotational
motion.
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Figure 6 indicates that increasing fluid density reduces pressure with angular veloc-
ity, highlighting the dominant inertial effects of denser fluids in a rotating frame.
6.2. Case II. When

g"=0,n"#£0. (69)
In this case, the equation (64) is identically satisfied and the equation (63) becomes
bol(p — p* )W — ah®] + ph™ (y) = 0, by = g'(x) # 0 (70)

with general solution given by

_ pEVEE A+ daa(p — i f2)bo

71
20&1b0 ( )

h(y) = bi+bay+bsy’+bse™Y+b5e™Y,  my s

whereby # 0, by, be, b, by and b5 are arbitrary constants. Thus, the stream function,
the velocity components and the pressure function for, this case, are given by

Qﬂ(iﬂ, y) = b0$ + bl + be + b3y2 + b46m1y + b5€m2y, (72)

The streamline pattern is shown in figure 7.

300 T T T T

250 [\

200

150

>

y=-10,10,0,-20,20

100 -

50

Figure 7: Streamline profiles for unsteady flow (Case II) showing how the flow
grows and decays along the x direction due to the parabolic and exponential terms
together.

Figure 7 presents curved streamlines, reflecting the combined influence of rotation
and non-Newtonian effects on flow deflection.

u(z,y) = by + 2bzy + mibse™? + mobse™?, v = —by, (73)
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P= (% N 2'09) ((b2 + 2b3y + mibse™¥ 4 mabse™Y )z — boy)

+§((b2 + 2b3y + mlb4em”” + m2b5em2y)2 + bo) + P().

where P, is an arbitrary constant of integration.
6.3. Case III. When

g// # O, h// — O

Proceeding as in case II, we obtain

U(x,y) = c1 + o + (c3 + cqx)e” ™ + c5e™* + cgy,

u(z,y) = ce,v(x,y) = ca + cze”™F 4+ cy(x — 1)e” ™ 4 cze” 2T

P(z,y) = —pce{ca(1+2x)e”™" + cse™ Yy + p{2cse” ™" + c5e™ " }y
+ on[{2e5e™* = 2(3es + c3)e ™ by + (5™ — czem )]
+asl{ese™ — (s + es)e ™ by + {ese™ — (¢ a1 + )™

*

+ (?u + 200 {(c3 + ca(1 + x))e ™" + 5™ + cix}

1
— 5{[02 +cy(1 — x)eze™™* + c5em2x]2 + cg}.

6.4. Case IV. When
g/l % O7 h// # O
Dividing equation (64) by ¢” (z)h” (y) # 0, we obtain

(p = I (y) —aah™(y)  (p = p"f*)g"(x) —aug™(z) _
' (y) g" () '

Equation (78) implies that

(p— 1 f*)g" (x) — ang”(x)
9" (x)

- /\g”(x) =0,

(p =W N (y) —aah®(y) o,
) M=o

(74)

(79)

(80)

where A is an arbitrary constant. We let the solution of equation (79) to be of the

form g(x) = €™, where m is given by

m*(aym* — (p — p* f*)m* + 1) = 0.

(81)
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The roots of this equation are

0 and m?o PTES)EV (w2 dand (2)

2051

Four possibilities arises: (a) A = 0, (b) A = (p—p* )2, () (p—p* f2)*—das A > 0
and (d) (p — p*f?)* — 4a; A < 0. Possibility (d) leads to a contradiction.
6.4.1. Possibility (a): A=0

In this case, the general solutions of equations (79) and (80) are given by

g(z) = By + Biw + Boa® + Bsa® + Bye™ + Bse ",
h(y) = Cy + Cry + Oy + Cay® + Che™ + Cse™ ™Y, (83)

where m = ,/% and By, C;,1 = 0,1,..5 are constants. Using equations (83) in
(63), we ﬁnd that either

( ) CS C4 - 05 == 0,

(2) 3323420420520 Cg MW

() BgIB5:C4 05—0 Cg W

(4 )B4—B5 Cr=0=03=0C4=0, Bs——uwy
(4)B4ZB5201202203:C5:0, BgIMW

The stream function, velocity components and the pressure for each one of these
five cases are given by:

for (1):

Y(x,y) = By + Biz + Byx® + Cy + Cry + Coy?, u(z,y) = C1 + 2Coy, v(z,y) =
_(Bl + 232%),

= 20{Co(B1x + 2Byx%) — By(Cry + Coy®)y}
q; (1 + 2pQ)[(Bry 4 2Boxy) — (Chra + 2Coay)] (84)

1
—§p[(01 +2C9y)? + (B + 2Byx)?] + B.

for (2):
U(x,y) = Bo+ Bse™™ + Co + Cry + Coy? + & y u = Cy + 20w + Mﬁ_fyg’

v = mBge ™",

m3 m?
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,um3 3 —mx
+7x+m Bse ™ {(u — axm + 2a)y — 200 }
* ma pm?

1 m3 .\ 2
5 [(Cl + 20y + MG—p?f) + (mB5€_mx)2} + .

for (3):

U(,y) = Bo+ Bie™ + Co + Chy + Coy? — B2y, u = C) + 20y + B2y?, v =
—mBge™*®
up -t

— m2B,e™ {2a(1 +my) — (Cly + Coy” — M—Wy?’)}

3

P = pB4emx{m2 <C’1y + Cyy® — ailll

5 y3> +2C, —

(86)
m
?(/ub + 2pQ2) [mB4e (C’l +2Cy — M—gf)x]
1 2 9
for (4):
Y(z,y) = By + Bix + By — px +Co+ Cre™™, u = —mCse™™, v = — (Blm—i-
B2 - MQTZB ZL’Q),
pm? pm? pm?
P = p[mZCg,e’my (le + By — 6—953) + ——x — 2B, (31 + 2Box — Z—xz)y}
p p p

2,3 ) m?
. . -my,. = 2 —my . 3
6 y — pum-Cse”™z ozl{ <232 ; z)(—m*Cse )} 2um”as(x + y)
¢* —my Mmg 2 —my\2 87
+ ?(u + ZpQ){mC5e T+ (31 + 2Bsx 2 x >y} (mCse™™) (87)

3
m
+ ((Bll' + BQ — 'uz—pr)Q] + PO'

for (5):
Y(x,y) = By + Bz + By — ’%x?’ + Co+ Cre™, u = mCse™, v = —<B1x + By —
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3
pm xQ),
P

3 3

x3) + (232 + u;n x)}
3

+ pm?Cse™z — ﬂ(4a2 +o+ 1)y
P

P = pCse™ [m2 (le + By —

« m3
+ ¢—(u + 2pQ2) [le + Box? + Hm L (le + Boa? + ﬂﬁ)y]

k 2p 2p
1 3 \2
- 5,0[(771056”””’)2 + (le + By — %:ﬂ) } + P.

where P, is an arbitrary constant of integration.
* £2\2
6.4.2. Possibility (b): \ = %
In this case, the general solution of equations (79) and (80) are given by

f(x) = Do+D1x+Dye™ +D3e”™,  g(y) = Eo+E1y+Ea+Exe™ +Eze™™, (89)

where m = \/% and Dy, Ey,1=0,1,2,3 are arbitrary constants. Using (89)

in equation (63), we find that either

(1) Dy = Ey =0, Dl—‘“;‘ x? El—Q% or (2)Ds = Ey =0, D1 by =

(3)Dy = E3 =0, D, = E; = —73 or (4)Ds = Ey =0, Dy =~ [y = 2o
The stream function the velocity components and the pressure for the each one

of these four cases are given by

for (1):

Y(z,y) = Do + ”Tﬁp(x —y) + Dse™"™* + Ey + Ese™™,
2um
o

2 2
P = mee_mx{Egm< prm + Dgemx> + <e_my - ﬂy)}
p P

5

2um?

2um
p

my mx

u=— — Esme™™Y, v = — — Dyme™™",

2um
:u (I o e—mxy) 4 m?’e_mI(Egm% + y)

+ /lege_my(Dgy — E3CL’) + O(ng[

2
+ Esmte m@ty) _ m4e_mx(—u - 1)} — 2a9D3me™™"(1 4+ my)
: g (90)
¢

m _ wm
—29[ R Laille Dm}
+ - (n—2p0) p(fv y) — Eze™™x p+36y)

1 2 2 2 2
——p[(—M—Eme my) +<—M—D3me mx>]+P0.
2 P P
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for (2):
(@, y) = Do+ “=(x + y) + D3e™ + Ey + Eye™™,

2 - 2
u=="L"— Eyme™™, v =%

mx

— Dyme™™7,
P = —2pDsEsm2e™ ™Y 4 2Esum?®(xe™™ — ye™®) + um?®(Fse” ™z — Dse™y)

3
+ oy ['u;n (y - E3m5@_my:1j) + D3E3m4em(:v—y)2D3E3m56mx + D3E3m4€m($_y)]
p
+ 20 D3sm?*e™ (1 + my)

~ 20 222 ) = B+ D)

(91)

1 2 2 2
— —p[( - = Elme_my> + (M - nge_mz) ] + 5.
p

for (3):

U(w,y) = Do+ “=(z + y) + Dse™ + Ey + Eye™,
U= —Q“Tm + Eome™ v = 2“7”‘ + Dyme™ ™%,

P = —2pD3FEym2e™v=7) 4 2um®(Ese™ — e—ma) + Dapm?e™ (1 4+ my)

2
+ oy ?ﬂm%my(x +y) + 20 Dzm?*e”™ (x — y)

*

2 92
— gb—(u —2pQ) [%(y — ) + Dame™ "y + Egmemyx] (92

k

1 2 2 2 2

- —p[( _m Egme_my> + (M + nge_m’”> } + 5.
2 P P

for (4):

Y(z,y) = Do+ E2(y — 3) + Dae™™ + Ey + Epe™,

u= 2“7m + Eyme™ v = 2“77” — Doyme™®,

P = 2pDyEom?e™™ ) — 2um3ze™ + 2Dym>ze™ + pm2e™ (EByx — Dayy)
2umS

+ oy [ Eye™ (x4 1)] — 4oy Dym>e™®

_&
k

1 2 2 2 2
p p

2um
(1 —2p02) [MT(:C +y) + (Eee™x + Dzemyy)}
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where P, is an arbitrary constant of integration.
6.4.3. Possibility (c): (p— p*f?)* — 4aA >0

Since (p—p* f2)++/(p — p* [2)2 — 4ar A > 0, and (p—p* )=/ (p — p* 2)? — 4 A >
0, then the solutions of equation (79) and (80) are given by

g(@) = Ao+ Arx + Ape™" + Age™™" + Ay + Aze ™,

94
h(y) = By + Biy + Bye™* + Bge™ ™" + Bye™** + Bze ™" (94)

where m; 5 = ﬁ\/(p —wrf2) — £/(p — p*f2)? — dag X and A;, B;,i = 01,2..,5
are arbitray constants. Employing (94) in equation (63), we find that the only
possible solutions of the resulting equation has been studied by Siddiqui and Kaloni.

The different streamline patterns can be shown in the figures 8 and 9, velocity
profiles (figures 10 and 11) and pressure are shown in following figures.

08 06  -04 02 o 02 04 06 08
x

Figure 8: Streamline profiles for ¢ (z,y) = g(x) + h(y) in case 6.4 with A = 0,
illustrating the symmetric flow structure arising from the independent contributions
of g(z) and h(y).
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Figure 8 shows symmetric streamline patterns, indicating a balanced interaction

South FEast Asian J. of Mathematics and Mathematical Sciences

between rotation and magnetic forces when the parameter A vanishes.

09
08f
07k
06
05
04
03fF

02f

1 T
03/ ,'
08 /

07f,
osf /
05
04
03

02F

01k

Figure 9: Streamline profiles for ¢ (x,y) = g(x)+h(y)

The plot shows how the parameter value changes the spacing and shape of the
streamlines compared to the case A = 0.

Figure 9 demonstrates distorted streamlines, revealing the destabilizing influence

of the second-grade fluid parameter on flow structure.

in case 6.4 with A = 2=

4o
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Figure 11: Velocity profiles for ¢(x,y) = g(x)+h(y) in case 6.4 with A = M.
The plot shows how this parameter changes the velocity pattern compared to the
case A = 0.

Figure 11 shows enhanced velocity gradients, signifying the strong coupling between
viscoelasticity and magnetic forces.



Unsteady Second grade aligned MHD fluid through Porous Media ... 339

x 10

— ¢ /k=1x10°
12 —— ¢'/k=2x10°
0'/k=3x10%
10 —— o k=4x10°
—— ¢'/k=5x10°
8l '/k=6x10°

0 0.5 1 15 2 25 3 35 4
Q

Figure 12: Variation of fluid pressure with angular velocity for different porosity
values (%), higher porosity produces a sharper nonlinear rise in pressure as angular
velocity increases.

Figure 12 highlights that pressure rises rapidly with angular velocity as porosity
resistance increases, confirming the damping role of porous media.
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Figure 13: Change in pressure versus angular velocity for fluids of different density
p for constant porosity ¢—,:, showing pressure converging at () ~ 1.6, indicating a
critical rotational speed.

Figure 13 reveals that pressure initially increases and then decreases with angular
velocity for higher densities, indicating competing rotational and inertial effects.
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Figure 14: Change in pressure versus angular velocity for fluids of different density
p for constant porosity %, showing pressure converging at €2 &~ 1.6, indicating a

critical rotational speed and also a rise in pressure after ) ~ 3,
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Figure 15: Pressure variation for ¢ (z,y) = g(x) + h(y) for case 6.4 of different
density for A = 0 depicting that in most cases, pressure increases with €2, showing

rotational dominance.

Figure 14 shows convergence of pressure curves at higher angular velocities, sug-

gesting a saturation of rotational influence at large \.
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Figure 16: Pressure variation ¢)(x,y) = g(x)+h(y) for case 6.4 of varying porosity
for A = 0, showing pressure increases nonlinearly with angular velocity €2, high-
lighting the retarding influence of the porous medium.
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The subcases correspond to different vorticity—stream function couplings. In most
cases, pressure increases with angular velocity A, indicating rotational dominance,

while in a few cases it decreases due to stronger viscous or elastic effects. For
. . * . . . .
varying porosity parameter %, pressure consistently increases with A\, confirming

the retarding influence of the porous medium
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Figure 17: Pressure variation ¢(x,y) = g(z)+h(y) for case 6.4 of different density

for A = M, showing that higher density intensifies the nonlinear pressure rise
with angular velocity €2
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Figure 18: Pressure variation ¢)(x,y) = g(x)+h(y) for case 6.4 of varying porosity
for A = w, showing porous resistance increase pressure with angular velocity

4o
Q.

Figures in 17 and 18 shows when A depends on fluid properties, second-grade elas-
ticity enhances pressure growth. Increasing fluid density and porous resistance fur-
ther amplify pressure with angular velocity €2, demonstrating that non-Newtonian
effects strengthen rotational stabilization.

7. Conclusions

In the current study, the inverse method has been employed to determine ex-
act solutions for the unsteady plane, second-grade, aligned electrically conducting
MHD rotating fluid flow through porous media under the influence of a magnetic
field. These exact solutions are derived by assuming specific forms of the vorticity
function a prior: and the stream function a priori. Expressions for the velocity
components, magnetic field components, stream function, vorticity functions, and
pressure are obtained for both steady and unsteady cases. Additionally, graphs
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have been plotted to illustrate the streamline patterns, velocity profiles, and vari-
ations in pressure as a function of angular velocity for different porosity levels and
varying fluid densities p.

The key findings from this work can be summarized as follows:

The velocity expressions do not account for the permeability of the porous
medium £ or the angular velocity €2 of the rotating frame.

For ¢(z,y) = g(z) + h(y) (case I), the relationship between pressure and
angular velocity  for different values of % with constant fluid density p
indicates that pressure is directly proportional to angular velocity. The rate
of increase in pressure rises with %

For ¢ (x,y) = g(x) + h(y) (case I) with constant % and fluids of different
densities p, the relationship between pressure and angular velocity 2 shows
that pressure decreases with increasing angular velocity. The rate of decrease
becomes more pronounced with higher fluid density.

For ¢ (z,y) = g(x) + h(y) (case II) with fluid density p and a constant value
of ‘f’—k* (for higher values of k), the pressure function exhibits an increase with
rising angular velocity 2.

For ¢(z,y) = g(x) + h(y) (case III) with fluids of varying densities p and a
constant %*, the pressure function increases and converges to a common value
for all densities at an angular velocity €2 of approximately 1.6. Beyond (2 ~
1.6, the pressure initially decreases for higher densities p and subsequently
increases. For lower densities p, the pressure increases very rapidly with €.

For ¢ (x,y) = g(x)+h(y) (case IV) with varying values of p and a constant %,
when A\ = 0, the pressure increases with angular velocity in three subcases, as
depicted in Figures 15 and decreases in two subcases. The pressure variation
for different% at a constant density p shows an increase with € in all subcases,
as illustrated in Figure 16. For the scenario where A = %, the pressure
increases with angular velocity for both fluids of different densities p at a
constant % and for different % at a constant density p can be shown in the

figure 17 and 18.
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